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Motivation

Fully-connected neural net:

F = ΦL ◦ · · · ◦ Φ1 composition of layers Φℓ(x) = σ(Wℓx + bℓ)

Memorization capacity:

How big does a neural net need to be to memorize N points, i.e.

∀xi ∈ Rd , yi ∈ {±1} ∃parameters : F (xi ) = yi , i ∈ [N].

structured unstructured

Memorization capacity amounts to a worst-case analysis.
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Motivation

Instance-specific viewpoint:

How big does a neural net need to be to memorize a specific
dataset?

Our approach:

1. randomized algorithm that produces a memorizing neural net

2. link size of net to geometric properties of the classes and their
mutual arrangement

Setup:
▶ X−,X+ ⊂ Bd

2

▶ finite

▶ δ-separated

x+

x−
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Algorithm

Assume σ(t) = Thres(t) = 1[t ≥ 0] (ReLU possible)

Algorithm:

1. Randomly sample Φ: Rd → Rn

∀x−, x+ ∃i ∈ [n] :

[Φ(x−)]i = 0, [Φ(x+)]i > 0

2. Construct Φ̂ : Rn → R|X−|

∀x− : [Φ̂(Φ(x−))]x− > 0

∀x−, x+ : [Φ̂(Φ(x+))]x− = 0

3. Return F (x) = sign(−⟨1, Φ̂(Φ(x))⟩).

x+

x−

<latexit sha1_base64="zc2A2HON047nBXLw/zq5v36ZeiI="></latexit>
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conv(Φ(X +))
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Algorithm

Pruning:

▶ prune neurons from Φ̂ by solving a set cover problem

▶ NP-hard but poly-time approximation algorithms exist
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Main result

Assume σ(t) = Thres(t) = 1[t ≥ 0] (ReLU possible)

Theorem:

Let X−,X+ ⊂ Bd
2 be finite and

δ-separated. Assume, that

n ≳ δ−1 log(M−M+/η),

n ≳ max
ℓ∈[M−]

(r−ℓ )−3w2(X−
ℓ − c−

ℓ ),

n ≳ max
j∈[M+]

(r+j )−3w2(X+
j − c+

j ).

<latexit sha1_base64="/NTE/xiYEN1jnonZOiX07XF6XFI="></latexit>

Rd

<latexit sha1_base64="uKxagpLewImHfhl8fpKfvMBRew0="></latexit>

X +
<latexit sha1_base64="dc5hK0VWLrs+EbxMQd19OIIIjX0="></latexit>X�

<latexit sha1_base64="vUWWgI6s/4GVtorge6r066FpXCE="></latexit>

r+
j

<latexit sha1_base64="E5hduPyXWGt0y05OMjeF/H1dtuI="></latexit>

r�l
<latexit sha1_base64="iSWzIP20vs3VjWdbXXaDbY7XnV8="></latexit>

c�l <latexit sha1_base64="MLMkr4LIXMlHf5OcAhdMSl4CcBU="></latexit>

c+
j

r−ℓ ≲ d(c−
ℓ , C+), ℓ ∈ [M−]

r+j ≲ d(c+
j , C−), j ∈ [M+]

Then, F memorizes X− and X+ with probability ≥ 1− η.
Moreover, Φ̂ has at most M− neurons.
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Any Questions?
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Numerical Results – Two Moons

Interpolation probability:
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Width of Φ̂:
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Algorithm

Assume σ(t) = 0 (t < 0) and σ(t) > 0 (t > 0).

Algorithm

1. Randomly sample Φ: Rd → Rn, x 7→ σ(Wx + b)

Wi ∼ N(0, Id) and bi ∼ Unif([−λ, λ])

2. Construct Φ̂ : Rn → R|X−|, z 7→ σ(−Uz + m/2)

Ux− = 1[Φ(x−) = 0] and mx− = min
x+

⟨Ux− ,Φ(x+)⟩

3. Return F (x) = sign(−⟨1, Φ̂(Φ(x))⟩).
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